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Gábor Etesi1 and István Németi2,3
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We investigate the Church–Kalm´ar–Kreisel–Turing theses concerning theoretical (nec-
essary) limitations of future computers and of deductive sciences, in view of recent
results of classical general relativity theory. We argue that (i) there are several distin-
guished Church–Turing-type theses (not only one) and (ii) validity of some of these
theses depend on the background physical theory we choose to use. In particular, if
we choose classical general relativity theory as our background theory, then the above-
mentioned limitations (predicted by these theses) become no more necessary, hence
certain forms of the Church–Turing thesis cease to be valid (in general relativity). (For
other choices of the background theory the answer might be different.) We also look
at various “obstacles” to computing a nonrecursive function (by relying on relativistic
phenomena) published in the literature and show that they can be avoided (by improving
the “design” of our future computer). We also ask ourselves, how all this reflects on the
arithmetical hierarchy and the analytical hierarchy of uncomputable functions.

1. INTRODUCTION

Certain variants of the so-called Church–Turing thesis play a basic role in
the foundations of theoretical computer science, logic, meta-mathematics, and the
so-called fundamentals of deductive sciences. This thesis is a well-reasoned, well-
motivated “conjecture” (we mean the kind of conjecture which cannot be proved
but can, in principle, be refuted). The thesis was formulated before “black hole
physics” was developed. We will recall the thesis and some of its variants in detail
in Section 2.

Roughly speaking, the variant we are interested in concerns inherent limita-
tions of possible future computing devices. These limitations deal withidealized
computers, and therefore, they do not involve particular data such as the size of our
universe, i.e., these limitations are supposed to be necessarily (i.e. theoretically)
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true in some sense. On the other hand they do involve some physical theory about
time, space, motion, and things such as those to be argued in Section 2. Clearly, if
we do not presuppose a consistent theory about time, space, motion, etc., then it is
impossible to formulate theses of the kind we are referring to. Very roughly, these
variants of the Church–Turing thesis conjecture that if a mathematical function
f will be realizable at least in principle by an arbitrary future “artificial comput-
ing system” thenf must be Turing computable (this is only a first, incomplete
approximation of a part of the Church–Kalm´ar–Turing theses, however. We refer
to Theses 2–4′ in Section 2 for a better illustration of what the theses we want
to discuss here are about). Here again, the future “artificial computing system”
is understood as beingidealizedand f is realized by the system ifin theoryit is
realized by the theoretical description (design) of the system.

In passing we note that this thesis has many important consequences. One con-
sequence says that “paper-and-pencil computability” coincides (and will always
coincide) with machine computability. Here by paper-and-pencil computability
we understand realizability by analgorithm in the mathematical sense (where we
note that the mathematical notion of the algorithm goes back to ancient Greeks, in
some sense).

Remark. Some authors, e.g. Pitowsky (1990), argue that the thesis we are in-
terested in is not really Church’s thesis but Wolfram’s thesis (cf. Wolfram, 1985,
from the references in Pitowsky, 1990). The argument states that Church was not
interested in computers, but instead he was interested in the “purely mathematical”
notion of an algorithm.

We would like to pose the following counterarguments to this objection:

(1) It is exactly this subtlety because of which we refer to those variants of the
thesis we want to discuss here asChurch–Kalḿar–Turing theses, instead
of calling it Church’s or Church–Turing theses (actually we should call
them as Church–Kalm´ar–Kreisler–Turing theses but for simplicity we
will write Church–Kalmár–Turing theses). Perhaps, Church himself was
not interested in computers but Kalm´ar and Turing were, and they did
take part (emphatically) in refining, publishing, etc., of the “abstract,
idealized, theoretical, future computer-oriented” version of the thesis.

(2) Independently of Church’s original motivation, if we look into the liter-
ature of our natural sciences today, we find that in the branches listed in
the beginning of this introduction (e.g., theoretical computer science, ar-
tificial intelligence, cognitive science) the “abstract computer-oriented”
version of the thesis is being used essentially under the name Church’s
thesis (cf. Gandy, 1980; Kreisel, 1965; Odifreddi, 1989 I.8., pp. 101–
122). Consequently we think that it is completely justified to investigate
under what assumptions these “incarnations” of the thesis are valid and it
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is then reasonable to refer to these incarnations as (variants of) Church’s
thesis.

(3) We quote from the textbook of Odifreddi (1989, p. 5): “Turing machines
are theoretical devices, but have beendesigned with an eye on physical
limitations.” Hence, if we are talking about the Church–Turing thesis (as is
quite customary) then we cannot agree with Pitowsky’s and others claim
that the thesis would be only about the purely mathematical notion of
algorithms and would have nothing to do with the limitations of idealized
physical computers. (Actually, Gandy, 1980, investigated in some detail
the “idealized physical computer” aspect of the Church’s thesis.)

(4) The issue whether the Church–Turing thesis is only about the pure math-
ematical notion of an algorithm or whether it also concerns the theoretical
limitations of idealized, abstract computing devices (based on some phys-
ical theory) has been discussed extensively in the literature of theoretical
computer science, logic, and related fields. For example, a special issue
of theNotre Dame Journal of Formal Logic(1987,28(4)) is devoted to
the subject. We cannot quote all the relevant references here but many of
them can be found in Odifreddi I.8, (1989, pp. 101–123).

The general conclusion is that the Church–Turing thesis is not one
thesis but a collection ofseveraltheses (cf., e.g., Odifreddi, 1989, p. 123),
some of which deal with the purely mathematical concept of algorithms
while other ( just as respectable) ones concern (among others) the theo-
retical limitations of idealized, future computing systems, which will be
further elaborated in a more unambiguous manner in Section 2 below.

(5) In Odifreddi (1989, p. 103) one can read that in meta-mathematics,
Church’s thesis is used to prove “absolute unsolvability.” To our minds
this clearly points in the direction we want to go; namely if a problem
is decidable by performing a “thought-experiment” (consistent, say, with
the classical general relativity) then the problem is not absolutely unsolv-
able (nevertheless it may remain unsolvable for various reasons like lack
of resources). We finished our remarks concerning Pitowsky’s objection.

The notion of “computable function” splits up into at least three notions.
These are

(i) computability by a pure mathematical algorithm (in the purely mathe-
matical sense);

(ii) computability by some idealized, future computing device based on
somephysical theory (such as classical general relativity or quantum
mechanics);

(iii) computability by some computing device based on our present physical
world-view, i.e. taking into accountall of our present day physical,
cosmological, etc., knowledge on the universe we are living in.
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We would like to illustrate by the following that distinctions between (i) and
(iii) are reasonable and not trivial.

In connection with the distinction between (i) and (ii) we note that if we want
to define paper-and-pencil computability done by a group of mathematicians, the
question comes up whether we allow one of the mathematicians to take an air trip
during the course of their computations (or take a trip by a spaceship to a rotating
black hole); if we say yes, we need to select a physical theory to control these
motions.

Our intended, main distinction between (ii) and (iii) above is that in (ii)
physical theories are considered as sets of consistent physical laws without initial
data in contrast with (iii) where particular initial data are also taken into account
(and the most general known physical theory is used). Furthermore we emphasize
that “selection of a particular physical theory” in (ii) is acceptable from science-
historical viewpoint only, i.e., without taking into account the particular develop-
ment of physical sciences we have no reason to choose a certain physical theory;
we should always use the whole present physical worldview. Note also that by lack
of “monotonity” of the development of physical theories, by selecting a certain
theory, we have to face the fact that our statements within the framework of the
chosen theory may not continue to hold in a more general (future) theory (e.g., in
classical electrodynamicsone deduces that electrons must emit electromagnetic
radiation while orbiting around nuclei; this statement is not true in a more general
theory, calledquantum mechanics).

We will call the ways of computability listed in (i)–(iii) ascomputability of
the first, second, and third kindrespectively. In the present work we want to show
(among other things) that computability of the first kind and second kind arenot
necessarily equivalent.

In principle this nonequivalence could be attacked by the approach of the
school of Pour-El and Richards (1989), but here we are “more ambitious” in the
sense that we want to keep our computers “programmable and logic oriented” (i.e.
“digital” as opposed to “analog”), which is explained more clearly in Section 3. We
will show the nonequivalence by describing idealized, future computing devices
(e.g. in Proposition 1) which realize functions not Turing computable. We think
computability of the first kind cannot be too different from Turing computability
(and our second kind computable functions in Section 3 are rather far from being
Turing computable).

Further, we note that computability of the third kind does not fit smoothly
with present day computability theory in the sense that most Turing-computable
functions are not computable of the third kind (e.g., by lack of enough time for
a huge calculation if the universe has finitely long future only). Hence in the
present work we do not want to discuss computability of the third kind, while
we acknowledge that it is a potentially interesting subject. We note that in our
opinion the most emphatically used obstacle in Pitowsky (1990) applies only to
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computability of the third kind; hence it does not apply to the main subject of this
paper which is computability of the second kind. (We also note that the famous
classical theorists of the field, e.g. Kalm´ar, Kreisler, Turing, were more interested
in computability of the second kind than in the third kind, in our opinion).

Our paper is organized as follows: In Section 2 we will recall and discuss
the above-mentioned variants or incarnations of the Church–Turing thesis (called
Church–Kalmár–Turing theses). Then, in Section 3, we will raise the question
whether within the framework of classical general relativity theory some forms of
the Church–Kalm´ar–Turing theses admit a counterexample. We will find that, most
probably, such a counterexample is possible, at least in theory. Both in Earman
(1995) and in Pitowsky (1990) there are some obstacles to the possibility of such
kinds of counterexamples. We will look at these obstacles one by one in Section 4
and will argue that they can be avoided in the case of a certain thought-experiment
(i.e. a certain “design of the idealized future computing device”). For example,
we will argue that the observer who will find out the solution of an “unsolvable
problem” (for instance the consistency of ZFC set theory can be such a problem)
does not have to pay with his destruction for accessing this piece of knowledge.

The basic ideas elaborated in this paper have been around for a while. For ex-
ample, in the academic year 1987/88 at the University of Iowa in Ames (USA) one
of the present authors gave a course in which these ideas were discussed (N´emeti,
1987–1988; see also Andr´ekaet al., 2000, ****); in 1990 Pitowsky considered such
ideas in a slightly more pessimistic spirit, and in 1995 Earman examined such ideas
under the name of constructibility or possibility of Plato machines (Earman, 1995,
pp. 101–123). However, the emphasis in Earman’s book and other works such as
Earman and Norton (1993, 1996, 1998) is more on “supertasks” rather than on
the Church–Kalm´ar–Turing theses. Other related work we mention is Gr¨unbaum
(1969). This list of references is far from being complete, e.g., we should have
mentioned the important paper of Hogarth (1994) which will be essential in our
considerations. Recent papers are by Hamkins and Lewis (2000) moreover by Kieu
(2001) who uses quantum mechanics to attack Hilbert’s tenth problem.

In view of the above, the purposes of the present paper are the following:
(i) put the emphasis on the Church–Kalm´ar–Turing theses (instead of, e.g., su-
pertasks) in a thorough, systematic way; (ii) formulate exactly which versions
of the Church–Kalm´ar–Turing theses we want to investigate (and what do they
mean); (iii) formulate carefully what we understand under a counterexample for
these variants; (iv) see if the apparent obstacles, e.g., listed in earlier works can be
avoided (at least in theory).

2. THE CHURCH–KALM ÁR–TURING THESES

In this section we formulate some variants of the Church–Turing thesis
based on the hierarchy of definable functionsf : N→ N. We follow notation
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and definitions of Odifreddi (1989). Thesis 1 below is only the first approximation
of the Church–Kalm´ar–Turing theses we want to investigate; therefore beyond
Thesis 1 we will use more unambiguous, more carefully specified, more tangible
formulations-variants of the theses. These will be Theses 2–2′ and 3 (Theses 4–4′

are for completeness only).
Let X be a finite set and denote byX∗ the set of finite sequences overX. For

sake of convenience we chooseX := {0, 1}.

Definition 1. We call a function f : X∗ → X∗ Turing computableif there is a
Turing machine which realizesf .

For the definition of a Turing machine, see Definition I.4.1 while the realization
of a function by a Turing machine is formulated in Definition I.4.2 of Odifreddi
(1989).

As it is well-known, the set of natural numbers,N = {0, 1, 2,. . .}, can be
represented asX∗, i.e., there is a bijectionN ∼= X∗ which is effectively computable
in the intuitive sense. Consequently the notion of a Turing-computable number-
theoretic functionf : N→ N is well-defined, i.e. Turing computability of these
functions is independent of the representation ofN as anX∗.

We could introduce the notion of arecursive function f: N→ N as well
(see the various definitions in Chapter I of Odifreddi, 1989). But according to a
theorem of Turing (e.g., Theorem I.4.3 of Odifreddi, 1989) a functionf : N→ N
is Turing computable if and only if it is recursive; hence we will use the term
“Turing computable” systematically throughout this paper.

Introducing the notation

Nk := N× · · · × N︸ ︷︷ ︸
k

for k ∈ N+,

whereN+ = {1, 2,. . .} denotes the set of positive integers, we can see thatNk can
also be regarded as a subset ofY∗ whereY contains some extra element in compar-
ison with X, for exampleY := {0, 1,−} = X ∪ {−}. As an example, 101− 11∈
Y∗ corresponds to the pair (5, 3)∈ N2 in this notation. In this way we can talk
about the Turing-computability of a functionf : Nk → Nm for eachk, m ∈ N+.

Definition 2. A subsetR⊆ Nm is called an (m-ary) relation.

(i) A relation R⊆ Nm is calleddecidableif its characteristic functionχR :
Nm→ {0, 1}, given by

χR(x1, . . . , xm) :=
{

1 if (x1, . . . , xm) ∈ R

0 if (x1, . . . , xm) /∈ R,

is Turing computable;
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(ii) A relation R⊆ Nm is calledrecursively enumerableif there is a Turing-
computable functionfR : N→ Nm such that im fR = R where, in
general,

im f := {(y1, . . . , ym) | ∃x f (x) = (y1, . . . , ym)}
is theimageof a function f : N→ Nm.

In this way we have defined decidable and recursively enumerablem-ary rela-
tions for allm ∈ N+. Next we introduce a natural hierarchy from the computability
viewpoint on the set of relations.

Definition 3. Let R⊆ Nm be a relation.

(i) We say that the relationR⊆ Nm is a61-relation, i.e. R ∈ 61 if R is
recursively enumerable;

(ii) We say that the relationR⊆ Nm is a51-relation, i.e.R ∈ 51 if R ∈ 61.
HereR := Nm\R is the complement ofR with respect toNm;

(iii) In general, we say that a relationR⊆ Nm is a 6n-relation, i.e. R ∈
6n (n ∈ N, n ≥ 2) if there is ak ∈ N and a5n−1-relation S⊂ Nm+k

such that

R= {(x1, . . . , xm) | ∃ (xm+1, . . . , xm+k) ∈ Nk, (x1, . . . , xm+k) ∈ S}.
(iv) In general, we say that a relationR⊆ Nm is a5n-relation, i.e. R ∈ 5n

if R ∈ 6n.

We will use6n also as the set of all6n-relations, and similarly for5n. Thus, e.g.,
R ∈ 62\(61 ∪51) means thatR ∈ 62 but R /∈ 61 andR /∈ 51, i.e. R ∈ 62 and
neitherRnor its complement is recursively enumerable.

Notice that every functionf : Nk → Nm may be considered as a relation

Rf := {(x1, . . . , xk, y1, . . . , ym) | f (x1, . . . , xk) = (y1, . . . , ym)} ⊂ Nm+k.

Rf is called thegraph of f . We will say that a functionf : Nk → Nm is a6n-
function(resp.5n-function) if and only if its graphRf is a6n-(resp.5n-) relation.

By keeping in mind the definition of Turing machines, one can easily show
the following (see, e.g., Odifreddi, 1989):

(i) A function f is Turing computable if and only if its graphRf is recur-
sively enumerable, i.e. ifRf ∈ 61.

(ii) A relation R is decidable if and only if bothR and its complement are
recursively enumerable, i.e. if and only ifR ∈ 61 ∩51.

Thus,R ∈ 61\51 means thatR is recursively enumerable butR is not decidable.
As an example, one may consider the relationDe defined by a Diophantine equation
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e(x, y, a) as follows:

De := {(x, y) | ∃ a e(x, y, a)} ⊆ N2,

Which is clearly61 but not necessarily51, i.e. it is not necessarily decidable al-
though recursively enumerable. Indeed, there are choices of the equatione(x, y, a)
for which De is undecidable. One can see that there are relations in62 which are
not recursively enumerable because of using existential quantifications in their
definitions. In general, there are6n-relations which are not6n−1-relations, and,
intuitively, the6n-relations are “harder to compute” than the6n−1-relations. The
sets6n and5n measure the degree ofnoncomputabilityof a relation by means of
Turing machines, i.e. algorithms. For details see Chapter IV of Odifreddi (1989).

The hierarchy61,51, . . . ,6n,5n, . . . (n ∈ N+) is calledarithmetical hier-
archy. It provides us subsetsR⊂ Nm which are further and further away from
being computable. Beyond the arithmetical hierarchy comes the so-calledanalyti-
cal hierarchy. We note that the first-order logic theoryT h(〈N,+, ∗〉) of arithmetics
is at the bottom of the analytical hierarchy.

At this point one may raise the question whether or not there is a hypothetical
extended Turing machinesuch that all the elements of61 would become decidable
by this machine. Such an extended Turing machine should possess only one extra
property compared to the ordinary Turing machines. Indeed, it should be able
to answer the following question in finite time: Does a given ordinary Turing
machine stop with a given inputy or not? Such an extended Turing machine
certainly exists as an abstract, mathematical object but it may or may not be realized
physically.

It is possible to show that by using this one extra ability all elements of61

would become decidable (in the extended sense) while elements of62 would
become recursively enumerable (in the extended sense). This means that by using
these extended Turing machines every relation would become “less noncomputable
with one unit.”

The concept of a Turing machine is an extraction, idealization, or an abstract
formulation of our experience with physical computers. By aphysical computer
(in the narrow sense) we mean a discrete physical system together with a physical
theory for its behavior (see Odifreddi, 1989, p. 104). Hence one may ask if the
above-mentioned extended Turing machine can be realized as a physical computer.
We will say that a functionF : Nk → Nm is effectively computableif there is a
physical computer realizing it. Here, by “realization by a physical computer” we
mean the following:

Let P be a physical computer, andf : Nk → Nm a (mathematical) function.
Then we say thatP realizes f if an imaginary observerO can do the follow-
ing with P. AssumeO receives an arbitrary element (x1, . . . , xk) ∈ Nk from, say,
his “opponent.” ThenO can “start” the computerP with (x1, . . . , xk) as an in-
put and then sometime later (according toO’s internal clock)O “receives” data
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(y1, . . . , ym) ∈ Nm from P as an output such that (y1, . . . , ym) coincides with the
value f (x1, . . . , xk) of the function f at input (x1, . . . , xk). The reason why we
wrote “start” and “receives” in quotation marks is that we do not want to specify
how O can startP, etc.; these can be specified by the designer of the computerP.
The essential idea is thatO can useP as a device for computingf . The difficulty
which we have to circumnavigate (when defining what we mean by saying “P real-
izes f ”) is that f is an infinite object. The solution is that we postulate that forany
permitted choice of the input data (x1, . . . , xk), computerP will produce an out-
put (y1, . . . , ym), and in addition, this output will coincide withf (x1, . . . , xk). We
emphasize that this definition does not require repeated activations ofP; instead
it says that whatever input value (x1, . . . , xk) we would choose,P will produce an
output coinciding withf (x1, . . . , xk).

In this context we may quote the original form of the Church–Turing thesis
(Odifreddi, 1989, p. 102):

Thesis 1(Church–Turing). Every effectively computable function f: Nk → Nm

gives rise to a relation Rf ∈ 61, i.e., every effectively computable function is
Turing computable.

In light of Thesis 1 above, our extended Turing machines cannot be regarded as
physical computers in the narrow sense, since they are able to realize elements
of 62.

By using ideas of L´aszló Kalmár, let us try to formulate a more tangible (and
somewhat stronger) version of the above thesis. Of the many roles Turing machines
play in scientific thinking, let us concentrate on the following one: Turing machines
provideidealized, abstract “approximation” ofartificial computing systems(here
one can think of a “futuristic” notion of computer). The next version of the thesis
will say that arbitrary future artificial computing systems will realize only such
functions f : Nk → Nm which are Turing computable (i.e. recursive). To make
the meaning of the next version of the thesis clear, we ask ourselves what artificial
computing systems are. The answer is the following.

Any such system presupposes that we fix a physical theory (which is consistent
with our present day knowledge) and on the basis of this theory we design an
artificial system which is capable to associate natural numbers to natural numbers
in some well-defined way. (Here “well-defined” means that in terms of the chosen
physical theory, it is clearly explained how to give an “input” to this system and
how to interpret whether it gave an “output” and what this output is.)

But what is an artificial system? Does it have to fit into a box, for example?
If yes, what are the limits of the size of the box? (What happens if the system uses
a futuristic version of, say, Internet? What if this net growsduring the course of
computation in question?) If we do not want to be “short-sighted” we should not
suppose that the system fits into a box (or anything like that).
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In view of the above considerations, for the purposes of the present paper,
we propose to identify an artificial computing systemG with what we call here a
thought-experiment.

Assume a physical theory is fixed. Then by athought-experiment relative to
the fixed physical theorywe mean a theoretically possible experiment, i.e., an exper-
iment which can be carefully designed, specified, etc., according to the rules of the
physical theory but for the actual realization of it we might not have the necessary
sources, technical level, enough time, etc. (To illustrate the idea: if the physical the-
ory in question is classical mechanics then we conjecture that there are no thought-
experiments that would realize a functionf which is not Turing computable.)

The definition of when we say that a mathematicalfunction f is realized by
a fixed artificial computing system G(or thought-experiment) follows the same
pattern as we defined earlier the concept of when a physical computer (in the
narrow sense) realizes functionf . Therefore we do not repeat that definition.

Definition 4. We regard the above considerations as the definition of when a
mathematical functionf : Nk → Nm is realized by an artificial computing
system G.

We would like to clarify a bit the sense in which we use the expression
“thought-experiment” in Definition 4 above. IfG is a thought-experiment (i.e.
artificial computing system), then there is a fixed physical theoryT h associated to
G such that using theoryT hone can specify precisely how the thought-experiment
G should be carried out. If usingT h together with the specification ofG someone
can prove thatG realizesf , then we conclude that indeedG realizesf . We note that
this does not mean that usingT hand the specification ofG we could compute with
pencil and paper what the answer ofG will be to a certain input, say 3. We only know
thatG(3)= f (3) holds (on the other hand, if an a “universe”U , the theoryT hwas
true and someone had the resources for carrying the thought-experiment through,
then at the end he would find out the value off for any given prespecified input).

Trivially, the class of artificial computing systems, defined in this way, in-
cludes the class of physical computers (in the narrow sense) used to formulate
Thesis 1 (cf. Odifreddi, 1989, p. 104). Moreover, the question naturally arises
whether extended Turing machines introduced above exist in the class of artificial
computing systems or not. Notice also that a functionf which is realizable by
an artificial computing system is computable of the second kind according to the
terminology developed in Section 1.

Now we are ready to formulate a sharper version of Thesis 1.

Thesis 2(Church–Kalmár–Turing). Every function f: Nk → Nm realizable by
an artificial computing system gives rise to a relation Rf ∈ 61, i.e., every function
realizable by an artificial computing system is Turing computable.
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Or, trivially reformulated, we can state:

Thesis 2′ (Church–Kalmár–Turing). Every function f: Nk → Nm realizable by
a thought-experiment gives rise to a relation Rf ∈ 61, i.e., every function realiz-
able by a thought-experiment is Turing computable.

Clearly, all versions of the thesis (i.e. 1–2′) presuppose some physical theory as a
background. We will argue that the truth of Theses 2–2′ can actually depend on
the choice of our background physical theory.

A kind of corollary of the thesis taken together with G¨odel’s Second Incom-
pleteness Theorem is the following:

Thesis 3. Assume ZFC set theory is consistent. Then, necessarily, Humankind,
or its Successors, can never prove or become certain that this is so.

The above form is a kind of common meta-mathematical interpretation of G¨odel’s
Second Incompleteness Theorem. We will argue that the refutability (or provabil-
ity) of Thesis 3 can also depend on the choice of our background physical theory.

For completeness, below we will formulate a further version of the thesis
which goes off in a different angle called sometimes “limitations of human knowl-
edge.” This will be Thesis 4–4′. We may formulate Thesis 4 as follows. If we
suppose that the “input–output aspect” of each single human problem-solving ac-
tivity is nothing but a finite answer to a finite question formulated in a language
fixed in advance, then one may declare:

Thesis 4(Church–Descartes–Turing). Every mental activity of human beings
realizes Turing-computable functions.

This idea can be traced back toDescartes. If we accept psychological materialism
in the form that every mental product of a human being is completely determined
by his brain the above thesis can be reformulated as

Thesis 4′ (Church–Descartes–Turing). The human brain realizes Turing-com-
putable functions.

We included Theses 4–4′ only for completeness, but in our investigations
we will concentrate on Theses 2–3. Our reason for formulating so many versions
of the thesis is that foreach oneof Theses 2–3 we will argue that they admit
counterexamples if we work in classical general relativity theory. So, if the reader
is interested inanyone of Theses 2–3 then he can read the rest of this paper with
that version of the thesis in mind. For definiteness, we will always formulate our
statements to attack Thesis 3.
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In the following section we try to construct an artificial computing system
based on the ordinary theory of Turing machines and classical general relativity
which is supposed to be able to realize non-Turing-computable, i.e. nonrecur-
sive, functions. These machines are also counterexamples for Versions 2–3 of the
Church–Kalmár–Turing theses formulated above. The basic idea is essentially the
same as that of Malament–Hogarth (1994) and Pitowsky (1990); it is summa-
rized by Earman (see Chapter 4 of Earman, 1995). Moreover we will see that our
thought-experiment, which is a modified version of the one constructed in Earman
(1995), is free of the problems listed by Earman and Pitowsky.

It would be interesting to see which level of the arithmetical hierarchy can
be made “computable” by using classical general relativity theory; and what is the
“price” of going further up in the hierarchy. That is, what extra assumptions do we
need to make (if any) if we want to make a higher level of the hierarchy to become
“computable.” The complexity classes in the analytical hierarchy are denoted by
6k

n and5k
n(k, n ∈ N). For any of these functions the question whether it can be

made “computable” admits a precise, unambiguous formulationbecauseall these
functions (in6k

n, etc.) aredefinablein the language of set theory (and even in the
higher order logic language of arithmetics〈N, 0, 1,+, ∗〉). So, one can write up
the arithmetical definition of the functionf and one can ask whether there is a
thought-experiment realizing precisely this function.

We note, however, that noncomputable functions necessarily remain even if
one uses relativistic (or other) powerful phenomena to compute more and more
complicated functions. The reason for this is a simple cardinality argument: any
thought-experiment can be expressed as a finite sequence of (English) sentences;
therefore there are countably many thought-experiments only. It follows that only
countably many functions can be realized by a thought-experiment. On the other
hand, the cardinality ofN→ N type functions is the continuum. Therefore, there
must exist a function that cannot be realized by a thought-experiment.

3. COMPUTERS IN THE KERR SPACE-TIME

In this section we will follow the notation and terminology of Earman (1995)
(see also Hawking and Ellis, 1973; Wald, 1984). By a space-time we mean a pair
(M, g), whereM is a smooth oriented and time-oriented four-manifold whileg is
a smooth Lorentzian metric onM which is a solution to the Einstein’s equations
with respect to a physically reasonable matter field represented by a smooth stress-
energy tensorT on M (i.e.,T satisfies one of the standard energy conditions). For
the notions concerning general relativity we refer to Hawking and Ellis (1973) and
Wald (1984). The length of an at least once continuously differentiable time-like
curveγ : R→ M is the integral

‖γ ‖ =
∫
γ

dγ =
∫
R

√
−g(γ̇ (τ ), γ̇ (τ )) dτ.
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As usual, we interpret a future-directed, time-like, at least once continuously dif-
ferentiable curveγ : R→ M as a “world-line” of an observer moving in (M, g),
i.e., im γ ⊂ M is the collection of those events inM which the observer meets
throughout its existence. Moreover‖γ ‖, the length of the world-line, is thought of
as the proper time measured by the observerγ from its beginning of existence to
its end. This can be finite or infinite depending on the curve and the geometrical
structure of the space-time characterized by the metricg. Now we introduce an
important class of space-times related with our subject. Consider a point (event)
q ∈ M . The set of all points

J−(q) := {x ∈ M | there is a future-directed non-space-like continuous curve
joining x with q}

is called thecausal pastof the eventq (the causal future is defined similarly).
Intuitively, J−(q) consists of those eventsx ∈ M from which one can “travel” to
q without exceeding locally the speed of light, i.e. by an “allowed” motion.

Definition 5. A space-time (M, g) is called aMalament–Hogarth space-timeif
there is a future-directed, time-like half-curveγP : R+ → M such that‖γP‖ = ∞
and there is a pointp ∈ M satisfying imγP ⊂ J−(p). The eventp ∈ M is called
aMalament–Hogarth event.

Note that if (M, g) is a Malament–Hogarth space-time, then there is a future-
directed, time-like curveγO : [a, b] → M from a pointq ∈ J−(p) to p, satisfying
‖γO‖ < ∞. The pointq ∈ M can be chosen to lie in the causal future of the past
end point ofγP. Below we will discuss whether such space-times are physically
reasonable or not.

Consider a Turing machine realized by a physical computerP moving along
the curveγP of infiniteproper time. Hence the physical computer (identified with
γP) can perform arbitrarily long calculations. (M, g) being a Malament–Hogarth
space-time, there is an observer following the curveγO (hence denoted byγO)
of finite proper time such that it touches the Malament–Hogarth eventp ∈ M in
finite proper time. But by definition imγP ⊂ J−(p); hence, inp, it can receive
the answer for ayes or no questionas the result of anarbitrarily long calculation
carried out by the physical computerγP since it can send a light beam toγO at
arbitrarily late proper time. Clearly the pair (γP, γO) is anartificial computing
system Gwith respect to classical general relativity theory since it is a correct
thought-experiment within the framework of this theory. HenceG := (γP, γO)
carries out acomputation of the second kind. In this moment, it is not clear what
kind of space-time (M, g) and what time-like curvesγP andγO are. For instance,
it is possible that the acceleration along one curve is unbounded, making the idea
physically unreasonable (Pitowsky, 1990). A very concrete, physically reasonable
realization of this device in the case of the Kerr space-time will be explained later.
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Imagine the following situation as an example.γP is asked to check all theo-
rems of our usual set theory (ZFC) in order to check consistency of mathematics.
This task can be carried out byγP since its world-line has infinite proper time. If
γP finds a contradiction, it can send a message (e.g., a light beam) toγO. Hence
if γO receives a signal fromγP beforethe Malament–Hogarth eventp, γO he can
be sure that ZFC set theory is not consistent. On the other hand, ifγO does not
receive a signal beforep, thenafter p, γO can conclude that ZFC set theory is
consistent. Note thatγO having finite proper time between the eventsγO(a) = q
(starting with the experiment) andγO(b) = p (touching the Malament–Hogarth
event) it can be sure about the consistency of ZFC set theory in finite (possibly
very short) time. This contradicts Thesis 3 above.

At this point we may ask whether Malament–Hogarth space-times are phys-
ically reasonable or not. Most examples are very artificial but it is quite surprising
that among these space-times one can recognize theanti-de Sitter space-time,
which is a solution to the vacuum Einstein’s equations with negative cosmologi-
cal constant and is in the focus of recent investigations in theoretical physics; the
Reissner–Nordström space-timedescribing a spherically symmetric black hole of
small electric charge; and theKerr–Newman space-timerepresenting a slowly ro-
tating black hole of small electric charge. For a description of these space-times see
Hawking and Ellis (1973) as a standard reference. In what follows we are going to
focus our attention to the Kerr space-time because in light of the celebrated black
hole uniqueness theorem (see Hawking and Ellis, 1973, or for an overview Wald,
1984, while a short new proof was presented by Mazur, 1984) this space-time is
the only candidate for the late-time evolution of a collapsed rotating star. Hence
existence of Kerr black holes in the universe is physically very reasonable even in
our neighborhood. For instance, a candidate for such a black hole is the supermas-
sive compact object in the center of the Milky Way; this can be decided in the next
few decades (Melia, 2000). In this context it is remarkable that this space-time
possesses the Malament–Hogarth property.

Now we would like to construct the artificial computing systemG = (γP, γO)
as a correct thought-experiment in the case of the vacuum Kerr space-time (M, g).
This means that we have to describe the time-like curvesγO andγP around a
slowly rotating black hole of zero electric charge. To do this, we will follow
O’Neill (1995). Using Boyer–Lindquist coordinates (t, r, ϑ, ϕ), the Kerr metricg
with parametersm > 0 (mass) anda (angular momentum per unit mass) locally
takes the shape (see Hawking and Ellis, 1973; O’Neill, 1995; Wald, 1984)

ds2 = −
(

1− 2mr

6

)
dt2− 2mrasin2 ϑ

6
dt dϕ + 6

1
dr2+6 dϑ2

+
(

r 2+ a2+ 2mra2 sin2 ϑ

6

)
sin2 ϑ dϕ2,
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where6(r, ϑ) = r 2+ a2 cos2 ϑ and1(r ) = r 2− 2mr + a2. We choose the un-
derlying manifold M to be a smooth four-manifold which can carry the maxi-
mal analytical extension of the metric (this determines the range of the values
of t, r, ϑ, ϕ; see Hawking and Ellis, 1973; O’Neill, 1995). This metric possesses
two Killing fields, namely∂/∂t and∂/∂ϕ corresponding to time-translations and
rotations around the “axis” of the black hole, respectively. The singularity is given
by the equation6(r, ϑ) = 0 and has ring-shape while the event horizons are char-
acterized by the real rootsr± to the equation1(r ) = 0:

r± = m±
√

m2− a2.

Note that this equation has real roots only if|a| ≤ m i.e., in the case of “slowly
rotating” black holes. We restrict ourself to the nonextremal case|a| < m.

Assume a future-directed time-like geodesicγ : R+ → M is given, describ-
ing the free motion of a point-like particle of unit mass. In the above coordinate sys-
tem this curve locally is given by the four functionsγ (τ ) = (t(τ ), r (τ ), ϑ(τ ), ϕ(τ ))
satisfying the well-known second-order geodesic equations. We can identify such
a curve uniquely by fixing the initial position and velocity (γ (0), γ̇ (0)), where dot
means differentiation with respect to the affine parameterτ ∈ R+. However, if
γ (0) is not on the axis of the black hole, then by Lemma 4.2.5 of O’Neill (1995)
we can use the data (γ (0), sgnṙ (0), sgnϑ̇(0), q, E, L , Q) to fix the geodesicγ as
well (here sgn is the sign of a real number). The quantities (q, E, L , Q) are the
“first integrals” of the geodesic motion, i.e., these quantities are constant along
the geodesic curve. Hereq := g(γ̇ , γ̇ ) is equal to−1 sinceγ is time-like and the
point particle is of unit mass,E := −g(γ̇ , ∂/∂t) is the total energy of the particle
measured by a distant observer, andL := g(γ̇ , ∂/∂ϕ) is the angular momentum of
the particle with respect to the “axis” of the black hole given by points satisfying
ϑ = 0,π . The constantQ is called theCarter constantand is characterized by the
system of ordinary differential equations (see Section 4.2 of O’Neill, 1995)

64(r, ϑ)ṙ 2 = −1(r )(r 2+ Q+ (L − aE)2)+ (r 2+ a2)E − aL,

64(r, ϑ)ϑ̇2 = Q+ (L − aE)2− a2 cos2 ϑ − L

sin2 ϑ
− aE.

A remarkable observation of Carter shows thatQ is constant along a Kerr geodesic
(see Theorem 4.2.2 of O’Neill, 1995) and characterizes Kerr geodesics in a simple
way whether they hit or not the ring singularity.

First, we consider the freely falling observerγO : [0, τ−] → M . Choose a
particular pointq ∈ M somewhere “outside” the black hole, not lying on the
axis and letγO(0) := q. Let sgnṙ O(0)= −1, while sgnϑ̇O(0)= ±1 arbitrary and
take 0< EO, |L O| < 2mEOr+/a. These data provide for a (particle-like) observer
moving alongγO to enter the Kerr black hole, i.e., to cross the outer event horizon.
Moreover, if we takeQO 6= 0 then by Corollary 4.5.1 of O’Neill (1995)γO does
not hit the singularity6 = 0 of the black hole. Furthermore, if we fixE2

O ≥ 1
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then the passenger has enough energy to escape some infinite, asymptotically flat
region ofM again (see Proposition 4.8.1 of O’Neill, 1995) particularly he crosses
the inner horizon as well. Finally, if we choose the angular momentumL O of the
geodesicγO carefully, namely

2mEOr−
a

< L O <
2mEOr+

a
(in particular this gives 0< L O, showingγO cannot be an axial geodesic since in
that caseL = 0), thenγO hits the inner horizon in a Malament–Hogarth event (see
Fig. 4.19 of O’Neill, 1995). It is worth mentioning at this point that such an orbit
does not exist for nonrotating (a = 0) Schwarzschild black holes. The above type
of geodesics are called “time-like long flyby orbits of type B” and are examined
by O’Neill (1995, pp. 245–247). The Malament–Hogarth event is characterized by
the equationr O(τ−) = r−. Clearly,τ− is finite sinceγO reaches the inner horizon
under the above conditions; hence

‖γO‖ =
∫ τ−

0

√
−g(γ̇O(τ ), γ̇O(τ )) dτ =

∫ τ−

0
dτ = τ− < ∞.

The case of the physical computer is very simple. We may assume the ini-
tial data areγP(0)= γO(0)= q (the observerγO and the computerγP start from
the same point) and takeγP : R+ → M to be a geodesic corresponding to a sta-
ble circular orbit in the equatiorial plane of the Kerr black hole. This implies
sgn ṙ P(0)= 0, sgnϑ̇P(0)= 0, QP = 0, andEP > 0, E2

P < 1. We can calculate
the radius of the circular orbit ofγP by Lemma 4.14.9 while the corresponding an-
gular momentumL P can be determined via Corollary 4.14.8 of O’Neill (1995) (the
concrete values are not interesting for us at this moment). Trivially,‖γP‖ = ∞.

This arrangement shows that since bothγP andγO move along geodesics, their
acceleration is constantly zero, i.e. remains bounded through-out their existence.
A three-dimensional picture of the machine is shown in Fig. 1.

Fig. 1. The three-dimensional picture of the deviceG = (γP, γO).
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Fig. 2. The Penrose diagram picture of the deviceG = (γP, γO).

It is worth presenting a four-dimensional space-time diagram of the machine
G = (γP, γO) as well in Fig. 2. Such diagrams are called Penrose diagrams and
show the whole development of the system.

We can see that in the case of Kerr space-time the Malament–Hogarth event
appears forγO when it touches the inner horizon of the Kerr black hole (in a finite
proper time, of course). As it is well known (Hawking and Ellis, 1973; Wald, 1984)
the inner horizon of the Kerr black hole is a Cauchy horizon for outer observers,
showing that this space-time fails to be globally hyperbolic. Later we will see
that this is a general property of Malament–Hogarth space-times. Although after
crossing the inner horizon the predictability of the fate ofγO breaks down, it seems
it can avoid the encounter with the final destroying singularity in the stomach of
the Kerr black hole as a consequence of the ring-like shape of the singularity.

Now that the Kerr orbits of the falling travelerγO and the orbiting computer
γP are determined, let us turn our attention to the communication between them
by fixing a simple coding system. For sake of definiteness, assume we want to
attack Thesis 3. Consequently we have to derive all the theoremsφ1, φ2, . . .of
ZFC set theory and check if there exists a theorem, sayφi , which coincides with
the formula FALSE or equivalently withx 6= x. ThenγO andγP choose a Turing
machineT which enumerates all the theorems of ZFC. In this wayT realizes
a function fT : N→ {Formulas of ZFC} such that im fT is exactly the set of
theorems in ZFC (it is easy to find such aT). Now,γO andγP agree on using the
same choice ofT . ThenγO departs for the Kerr black hole (taking a copy ofT
with him) whileγP keeps on executing the following simple algorithm:

A. i := 0
B. Derive theoremfT (i ) from ZFC set theory
C. Check if fT (i ) = FALSE
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D. If yes, send a signal toγO

E. If no, let i := i + 1 and go toB

Suppose that ZFC is inconsistent. ThenγP will find the first i ∈ N for which
fT (i ) = FALSE. Suppose the proper time needed forγP to find thisi wasτ i

P (the
experiment started atτO = τP = 0). Let us mention that for anyone who has a
copy of T and knows the speed ofγP ’s implementation ofT , the numberi is
computable fromτ i

P.
SinceγP knows when it is sending the signal and it knowsγO’s plans,γP can

compute how much timeγO will have for receiving the coded signal and can also
compute the expectable blueshift of the signal (see Section 4). SoγP can make
compensations for these effects (to the extent theoretically possible).

Now,γP sends off a signal.γO receives it before the Malament–Hogarth event
p and measures the timeτ i

O (according to his own clock) when the signal arrived
(we will return soon to the question of measurement of this signal). By knowing
the timeτ i

O and by using general relativity theory,γO can compute the timeτ i
P

and hence the numberi . ThenγO computesfT (i ) and checks if it is the formula
FALSE. If yes, he knows that ZFC is inconsistent. If not, thenγO received a fake
signal: asγO approaches the Malament–Hogarth event which lies on the inner
horizon of the Kerr black hole, i.e., on a Cauchy horizon of the Kerr space-time,
it is more and more difficult to decide whether a light beam came fromγP or a
possible past singularity (see Earman, 1995, p. 118). Consequently receiving fake
signals cannot be a priori excluded.

To keep the number of possible fake signals at minimum, we may assume
thatγP will not send a simple light beam only but uses some modulation or coding
(some Morse-type sequence of “long” and “short” impulses, for instance) to make
its signal much more unique. We emphasize that this modulation or coding is also
fixed once and for all in advance betweenγO andγP.

If γO does receive a signal before the Malament–Hogarth event, then it checks
whether the relevant theorems in ZFC are consistent or not. If yes, thenγO con-
cludes that what it received was a fake signal.

If it did not receive any other signal byp, then it concludes that ZFC is con-
sistent. If it received the prearranged coded signal at some different time, sayτ ′O,
too, then it goes through the above checking procedure for deciding whether this
second signal is fake or not. We assume thatγO andγP agree on a sufficiently
complicated and long code to minimize the chance for fake signals. Further, by the
nature of the possible origin (or cause) of a fake signal and by taking into account
that onγO’s clock only finite time goes by betweenγO’s departure and its arrival
at the Malament–Hogarth eventp, we can expect thatγO will receive only finitely
many fake signals (before reachingp, of course). ConsequentlyγO has to check
only a finite number of signals and after that it will know whether or not ZFC is
consistent.
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Let us briefly return to the possible imprecision ofγO’s measuringτ i
O. Sup-

poseγO knows only that the signal arrived betweenτ i
O andτ i

O + εO (with τ i
O + εO

being before the Malament–Hogarth event). Then it will calculate that the signal
was sent betweenτ i

P andτ i
P + εP. But only finitely many theorems were checked

by γP within this interval; consequentlyγO can corrigate this uncertainty with
finite calculations only (i.e. by checking the falsity of finitely many theorems from
ZFC only).

Hence, by assuming the ability of time measurement of arbitrary accuracy
(which is always possible in classical physics, but see remarks in Section 4), the
arrangementG provides a thought-experiment, consistent with classical general
relativity, contradicting Thesis 3. Having designed an artificial computing system
which checks consistency of ZFC, we now turn to seeing what other jobs can
be done with similar artificial computing systems. Let us return in general to
Theses 2–3 formulated in Section 2. As we said in that section, first we have to
assume a physical theory. Let this theory be the classical general relativity. Next,
let us suppose that the observerγO wants to decide a61-set ofN which is not
51, i.e. recursively enumerable but nondecidable. The above considerations can
be used byγO for designing a thought-experiment, i.e., an artificial computing
systemG = (γP, γO) which will helpγO to decide such a set.

Definition 6. Let R⊆ Nm be a relation. We say that an artificial computing sys-
tem (or thought-experiment)G decides Rif and only ifG realizes the characteristic
functionχR : Nm→ {0, 1}.

From now on, we will callG = (γO, γP) a relativistic computer, indicating
that this is a special artificial computing system, i.e. thought-experiment. Now we
are in a position to state the following:

Proposition 1. (i) There are infinitely many relations R∈ 61\51, i.e. which are
recursively enumerable but nondecidable.

(ii) Let R∈ 61\51 be a relation as in (i). Then there is a relativistic computer
G = (γP, γO) which decides R. In other words, there are infinitely many Turing-
undecidable relations which are decidable by some G= (γP, γO).

Proof: (i) This is well known (c.f. Odifreddi, 1989). An example is if we takeR
to be the set of valid theorems of first-order logic.

(ii) Let R ∈ 61. Then R is recursively enumerable, i.e., there is a Turing
machineT which enumeratesR. (In other words,T realizes a surjective function
fT : N→ R with im fT = R.)

Now, we design the relativistic computerG which, we claim, can decideR.
To test this claim, the “opponent” chooses a random element (x1, . . . , xk) ∈ Nk

and gives it toG for deciding whether or not (x1, . . . , xk) ∈ R. In the initial state
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of their computation,γO andγP are working together, going about how to decide
this question.γP receives the task of usingT to enumerate the elements ofR and
checking whether (x1, . . . , xk) ∈ Nk shows up during this enumeration. That is,
γP executes the program

A. i := 0
B. If fT (i ) = (x1, . . . , xk) then send a signal toγO and go to D
C. i := i + 1 and go to B
D. Make sure that the signal forγO is adequately coded, etc.

Make other planned actions to ensure thatγO receives the signal. The rest
of the preparationsγP andγO make are exactly the same as was the case of the
relativistic computerG described above in Proposition 1 for refuting Thesis 3. (So
here again they rely on precise measurement of time to rule out fake signals, and
againγO takes the Turing machineT with itself such that it can computefT (i ) for
any fixedi ).

After the Malament–Hogarth event,p, γO will be able to decide whether
the input (x1, . . . , xk) received from the “opponent” is inR because if it re-
ceived a signal (beforep) and it (successfully) checked the signal for correctness
in the above outlined way, then it knows (x1, . . . , xk) ∈ R. Otherwise it knows
(x1, . . . , xk) 6∈ R. We finished the proof. ¤

Corollary 1. There are infinitely many functions f: N→ N such that

(i) f is realized by a relativistic computer G= (γP, γO);
(ii) f is non-Turing computable.

Proof: Let R ∈ 61\51. It is known that there are infinitely many such sets (cf.,
e.g., Odifreddi, 1989). Letf := χR be the characteristic function ofR. Then f :
N→ {0, 1} is non-Turing computable becauseR is undecidable byR 6∈ 51. Let
G := (γP, γO) be the relativistic computer decidingR. This exists by Proposition 1.
Let G′ be the same but instead of “yes” or “no” let it give as an output 1 or 0. Then
G′ realizesf . ¤

Below we will prove stronger theorems. By Proposition 1, relativistic computers
can decide any undecidable but recursively enumerable relationsR ∈ 61\51. It
is natural to ask whether harder sets of natural numbers become decidable if we
switch to relativistic computers. The next proposition says that the answer is in the
affirmative.

Proposition 2. Let n > 0. There are infinitely many relations R∈ 62\(61 ∪
51), R⊆ Nn such that some relativistic computer decides R.
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Proof: Let H ∈ 61\51 be arbitrary. Define

R := {(x, 1) | x ∈ H} ∪ {(y, 0) | y ∈ H},
whereH = Nn\H . That is,

R= (H × {1}) ∪ (H × {0}).
(i) R 6∈ 61 because we cannot enumerate its second partH × {0} andR 6∈ 51

because we cannot enumerate the complement of its first partH × {1}. (Hint:
R ∈ 61⇒ we can enumerateR⇒ we can enumerate those elements ofR which
end with 0⇒we can enumerateH × {0} ⇒we can enumerateH .) It can be seen
that R ∈ 62 (by H ∈ 51).

(ii) By Proposition 1 there is a relativistic computerG decidingH .
The newG′ decidingR does the following: If it receives an input (x, k) and

if k > 1, thenG′ answers “no.” Assumek ≤ 1. ThenG′ asksG = (γP, γO) to
decide whetherx ∈ H . If k = 1 thenG′ prints out the same answer asG. If k = 0
thenG′ prints out the negation of the answer ofG.

Clearly,G′ is a relativistic computer decidingR ∈ 62\(61 ∪51). ¤

Since R 6∈ 61 ∪51, our new computerG′ constructed in the proof of
Proposition 2 decides sets harder thanrecursively enumerable setsandcomple-
ments of recursively enumerable ones. This means that we can “climb higher”
with one extra degree of unsolvability with Proposition 2. We have the following
corollary, immediate from Proposition 2.

Corollary 2. There are infinitely many62\(61 ∪51) functions f : N→ N re-
alizable by relativistic computers.(Of course these functions are non-Turing com-
putable).

We note that the simplest examples ofR ∈ 62\61 relations are the characteristic
functionsχH of relationsH ∈ 61\51. We claim that relations decided relativisti-
cally by Proposition 2 cannot be obtained in this way. Therefore by Proposition 2
we can decide62-relations which are strictly more complex (i.e. harder) than the
simplest examples forR ∈ 62\61.

Let us ask whether we can decide even harder sets than those in Proposition 2.
Each relation decided by Proposition 2 can be regarded as a disjoint union of a61-
set and a51-set. In the next proposition we will decide relations in62\(61 ∪51)
which cannot be obtained as such disjoint unions. In some sense this means that
we can decide even broader spectrum of hard relations.

Proposition 3. Let n > 0. There are infinitely many relations R∈ 62\(61 ∪
51), R⊆ Nn such that
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(i) R cannot be obtained as a disjoint union of finitely many61 and51

relations;
(ii) R is decidable by a relativistic computer G= (γO, γP).

Proof: Let H ∈ 61\51 be arbitrary,n > 0. Define

XH := {(a, b) | a ∈ H andb ∈ H}.
Let χXH =: f : N2n→ {0, 1} be the characteristic function ofXH . Then Rf ⊆
N2n × {0, 1} ⊂ N2n+1 is a (2n+ 1)-ary relation.

(i) To decideRf , our G = (γO, γP) is similar to the one that was before but
nowγP can sendtwodifferent kinds of signals toγO, saySa andSb. The input for
G is of the form (a, b, k) = ((a, b), k) (wherek refers to the (2n+ 1)th component
of Rf ). The case distinction betweenk > 1 andk ≤ 1 is similar to that in the proof
of Proposition 2. Ifk > 1 thenγO automatically prints “no.”

Assumek = 1. ThenγP does the following: It starts searching fora in H . If
it finds a ∈ H then sends outSa to γO and starts a search forb ∈ H . If it finds b,
then sendsSb. Now γO does the following: If it receives no signal, then prints out
“no.” If it receivesSa and noSb then prints “yes.” If it receivesSb and noSa then
prints “no.” Finally, if it receives both anSa andSb, then it prints “no.”

Assumek = 0. ThenγP starts two parallel processesPa andPb. If Pa finds
a ∈ H it sends off anSa while if Pb finds b ∈ H it sendsSb. If γO receives no
signal, it prints “yes.” If it receivesSa but noSb then prints “no.” If it receives an
Sb then prints “yes” (independently of other possibly received signals).

(ii) In connection withRf not being a disjoint union of a61 and a51 set,
we note only the following. Let

Ri := {(a, b, i ) | (a, b, i ) ∈ Rf }.
Then R1 = R× {1} with R= TH . So, in some sense, the “complexity” ofR1 is
determined by the “complexity” ofR. But R was of the formR= {(a, b) | a ∈ H
and b 6∈ H} with H ∈ 61\51. So clearlyR 6∈ 61 because of the “b part” and
R 6∈ 51 because of the “a part.” To save space, we omit the rest of the proof, since
the present proposition is not of a central importance.¤

By Proposition 3 above, relativistic computers can solve problems much
harder than the non-Turing-computable problem of deciding an undecidable but
recursively enumerable (i.e.61\51) relation.

The next proposition shows that theextended Turing machinewe discussed
between Definitions 3 and 4 in Section 2—which for any Turing machineT and
possible input (x1, . . . , xk) decides whetherT terminates—is also realizable by a
relativistic computerG.
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Proposition 4. There is a relativistic computer G= (γP, γO) which takes as
input a programpr(T) for a Turing machine T and a possible input(x1, . . . , xk)
for T . Then G yields output “diverges” if T diverges for(x1, . . . , xk) or else
“converges with output(y1, . . . , yl )” if T indeed converges for input(x1, . . . , xk)
with output(y1, . . . , yl ).

Proof: G is of the form (γP, γO) as usual.γP andγO, sitting together, receive
as input a program pr(T) for someT and a possible input (x1, . . . , xk) for T . For
simplicity we will write “T” for pr(T).

ThenγO takes a copy ofT and (x1, . . . , xk) with itself and starts its journey
“toward the Malament–Hogarth event”p ∈ M . ThenγP starts executingT with
input (x1, . . . , xk). If T terminates,γP sends a signal toγO. At (or after) the
Malament–Hogarth event,γO does the following: If no signal arrived then it prints
“diverges.” If it received a signal fromγP thenγO knows thatT converges with
(x1, . . . , xk). ConsequentlyγO and can safely start executingT with (x1, . . . , xk)
and it knows thatT will terminate in finite time. WhenT terminates, thenγO prints
out whatever outputT yielded. ¤

In light of Propositions 1–4 and Corollaries 1–2 above we can decide general
61-sets and are able to realize hard62-sets by our relativistic computerG, contra-
dicting Theses 2–2′. In our opinion, the above considerations point in the direction
that if we choose classical general relativity as the background physical theory
then Theses 2–3 turn out to be false because they deal with computability of the
second kind. The reason why Thesis 1 cannot be attacked is the difference between
an artificial computing system (i.e., a thought-experiment in a consistent physical
theory) and a physical computer in the narrow sense: it is possible that our artificial
computing system cannot be realized as a physical computer, although we remark
that the almost-sure existence of large rotating black holes in galactic nuclei and
properties of these black holes (see below) point toward the effective realizability
of our thought-experiment, i.e. toward the possible violation of Thesis 1, too.

Remark. A reader who is not a specialist of general relativity theory, may ask the
following question: Why do we need (something as “fancy” as, for instance) rotat-
ing black holes, and why is a “simple” Schwarzschild black hole (of sufficiently
big mass) not enough for our thought-experiment (cf., e.g., footnote 5 on p. 83 of
Pitowsky, 1990)? (Instead of rotating ones, electrically, charged black holes would
do the job just as well, but this is not the issue here, since the question is why do
we need something more complex than the most “classical” Schwarzschild holes.)
The answer is the following.

For the sake of argument, let us use Schwarzschild coordinates for describing
the space-time outside the nonrotating black hole. LetγO andγP behave as in
the thought-experiment described above (involving Kerr black holes). Now, it is
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true that from the point of view ofγP, the clocks ofγO slow down so much that
whenγO receives a yes (or no) answer from its computer, then according toγP ’s
coordinate system,γO is still outside of the event horizon. The problem is that to
send the answer toγO such that it receives it still before hitting the singularity
(which event is impossible to avoid in this case),γP would need to use so-called
tachyons (FTL signals). Indeed, ifγP finishes the computation in a large enough
but finite time, then the lightγP sends afterγO will converge toγO in a similar rate
asγO converges to the singularity but will not reachγO beforeγO crosses it. The
problem is alleviated, e.g., by using rotating black holes, very roughly as follows.
In a rotating black hole behind the event horizon we just discussed, there is a
second inner event horizon which is a Cauchy horizon as well. IfγO approaches
the black hole along the orbit considered above, then not later thanγO reaches the
secondhorizon, it will meet the signal sent byγP. As we indicated, making our
black hole rotate is only one of the possible solutions but this choice is strongly
supported by the “naturality” of rotating black holes, i.e., their very possible real
existence.

4. ON THE PHYSICAL REALITY OF THE MODEL

To understand if the above model is realistic from the physical point of view,
we collect properties of Malament–Hogarth space-time, using results from recent
physical literature. First we summarize two important general characteristics of
Malament–Hogarth space-times. We can state (see Lemmas 4.1 and 4.3 of Earman,
1995):

Proposition 5. Let(M, g) be a Malament–Hogarth space-time with a Malament–
Hogarth event p∈ M. Then M is not globally hyperbolic.

Moreover, choose any connected space-like hypersurface S⊂ M satisfying
im γP ⊂ D+(S). Then either p∈ H+(S), i.e., p lies on the future Cauchy horizon
of S or p 6∈ D+(S), i.e., does not belong to the future Cauchy development of S.

The meaning of Proposition 5 is the following. A very important property of glob-
ally hyperbolic space-times is that they possess a so-called initial data surface
(called Cauchy surface), i.e., fixing data of physical fields along the Cauchy sur-
face only (which is a three-dimensional submanifold ofM), one can determine
the values of these fields over the whole space-time via the corresponding field
equations. The above theorem shows that a Malament–Hogarth space-time does
not possess such an initial data surface, i.e., always contains events which are
unpredictable even while fixing initial data on arbitrary large subsets ofM , for
example, on a space-like submanifoldS⊂ M . Especially, the Malament–Hogarth
event p ∈ M is such an event. We have already dealt with this phenomenon in
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the special case of the Kerr space-time. The difficulties caused by this fact will be
discussed later.

Another very important property of Malament–Hogarth space-times is the
“infinite blueshift effect.” Roughly speaking, as a consequence of the infinite time
contraction seen by the observerγO approaching the Malament–Hogarth event
p ∈ M , all signals of finite energy or frequency will hitγO at p ∈ M by an in-
finite amount of energy, i.e., Malament–Hogarth space-times act as unbounded
gravitational amplifiers nearp ∈ M . More precisely, the following theorem holds
(Lemma 4.2 of Earman, 1995):

Proposition 6. Let (M, g) be a Malament–Hogarth space-time with time-like
curvesγP and γO as in Definition5. Suppose that the family of null-geodesics
connectingγP with γO forms a two-dimensional integral submanifold in M in
which the order of emission fromγP matches the order of absorption byγO. If the
photon frequencyωP is constant measured byγP (i.e.,γP does not stop sending
signals toγO) then the time-integrated photon frequency∫

γO

ωO dγO =
∫ b

a
ω(γO(τ ))

√
−g(γ̇O(τ ), γ̇O(τ )) dτ

received byγO is divergent.

This theorem is a trivial consequence of the assumption that the original
observerγP sent an infinite amount of energy toγO, since it sends signals of
constant frequencyωP throughout its infinite existence.

Now we wish to discuss the consequences of these properties of Malament–
Hogarth space-times in the special case of the Kerr black hole against building
relativistic computers constructed in Section 3.

1. First we are going to study the effects of the infinite blueshift, the problem
formulated in Proposition 6 above. We consider first whetherγO can survive the
encounter with the inner event horizon or not. A similar but more detailed consid-
eration like Proposition 6 shows that near its inner horizon, the Kerr black hole
amplifies every arbitrarily small deviation from the original vacuum space-time
structure in an unbounded amount, yielding that this horizon rather looks like a real
curvature singularity (i.e. not a pure “coordinate singularity”). This phenomenon
is known as the “infinite mass-inflation” in the physics literature and appears if
one calculates the effect of the infinitely amplified absorbed energy on the metric
near the inner horizon. At first look, in the case of perturbations of the metric by
a scalar field, this singularity turns out to be a scalar curvature divergence on the
inner horizon (Poisson and Israel, 1990). This fact is usually interpreted as the in-
stability of the (vacuum) Kerr space-time. Hence, after realizing the mass-inflation
phenomenon, physicists supposed the nontraversability of the Kerr black hole.
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A more careful analysis of the situation was carried out by Ori (1991, 1992)
in the case of the Reissner–Nordstr¨om black hole and partially in the case of the
Kerr–Newman black hole, however. In accordance with his calculations (accepting
the validity of certain technical assumptions) it seems that despite the existence
of the scalar curvature divergence, the tidal forces remain finite and moreover
negligible in the case of realistic Kerr black holes when crossing the inner horizon.
Hence although the inner horizon (which contains the Malament–Hogarth event)
is a real curvature singularity it is only a so-calledweak singularitybecause the
tidal forces still remain finite on it. As an example (Ori, 1992), for a Kerr black
hole of massM = 107m( (m( refers to solar mass) and ageT = 106 years (more
precisely this is the age of the initial perturbation of the Kerr black hole) the relative
distortion of an object of typical sizel crossing the inner horizon is

1l

l
≤ 10−55.

In summary, although the Malament–Hogarth event is situated in a “dangerous”
region of the Kerr–Newman space-time, in theory at least, it can be approached by
the observerγO.

Next we may ask about the strong (electromagnetic) radiation absorbed by
γO during the course of crossing the inner event horizon, as another consequence
of the blueshift effect. This problem was studied by Burko and Ori (1995). They
conclude that these effects also remain finite, making it theoretically possible to
survive such an encounter forγO although one may worry about the intensive pair
creation induced by the extremely high energy photons (Burko and Ori, 1995). Of
course, these considerations require more detailed analysis in the future (see also
Ori, 1997).

Summing up, we can conclude that accepting a very rough, classical picture
for the inner horizon of the Reissner–Nordstr¨om and Kerr–Newman black holes,
their traversability is reasonable. In our artificial computing systemG = (γP, γO),
the physical computerγP sends a modulated light beam toγO. Proposition 6
above suggests that even the (energetically) mildest answer ofγP will simply
destroyγO by receiving an infinite amount of energy. This is valid only ifγP

sends electromagnetic signals of constant frequency through an infinite proper
time (measured byγP); hence Proposition 6 is not surprising. IfγP sends a finite
signal answering a simple “yes” or “no,” the received energy byγO remains fi-
nite in light of results of Burko and Ori. Hence, the pessimistic consequences of
Proposition 6 are ruled out for the relativistic computer designed in the present
paper.

2. The stability of the circular orbit around the Kerr black hole required for
γP was also studied by Kennefick and Ori (1996) and Ori (1995). They studied
the effect of the gravitational radiation of the Kerr black hole on the evolution of a
point particle moving on an initially circular orbit around the Kerr black hole. The
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answer is also encouraging, and the perturbation seems to be negligible, yielding
the stability of stationary circular orbits. Hence the computerγP can orbit around
the black hole for long time (hence with little effort for ever).

3. We mention at this point again that both curvesγP andγO are geodesics in
the Kerr space-time, i.e., the acceleration along them is zero, i.e. bounded. Hence
in this situation one does not have to worry about the negative consequences of a
possibly infinite acceleration (see Pitowsky, 1990).

4. Next we turn our attention to the consequences of Proposition 5. The
essence of this theorem is that the Malament–Hogarth eventp ∈ M cannot be pre-
dicted even while fixing initial data on the whole spatial surfaceS⊂ M which is a
Cauchy surface for the outer observerγP. This fact is interpreted by Earman (1995,
p. 118) by saying that the observerγO, while crossingp ∈ M , is able to decide
whether a signal came fromγP or from a possibly past singularity if and only if it
is able to perform an infinitely precise discrimination in spatial directions, which
is physically unreasonable (but although theoretically it is allowed in classical
physics). As suggested also by Earman this problem is apparently solved by using
a coding system betweenγP andγO because in this case the information of the
result of the calculationγP just completed is not carried simply by the direction of
the light beam. But this solution is also rejected by Earman by another “infinitely
precise discrimination” argument (Earman, 1995, p. 118) essentially based on the
assumption thatγP wishes to send a possibly unbounded amount of information
to γO. But as we clarified in the beginning of this section for our purposes we
need to answeryes or no questionsonly, using a previously fixed code. Thus the
length of the message sent byγP is bounded uniformly; hence Earman’s infinite
discrimination argument is not valid at this moment.

But apparently, as we have seen,γO must be able to perform infinitely pre-
cise measurement of time because in our model the detection time carries a lot
of information. Notice, however, that this assumption is not an extra one; it is al-
ready assumed by accepting thatγO, before crossing the Malament–Hogarth event
p ∈ M , is always able to detect signals fromγP. Thus, the length of the signal
received byγO tends to zero; hence very close top ∈ M, γO must be able to de-
tect arbitrary short signals. Consequently ifγO can do, it can certainly measure its
detection time arbitrarily accurately, too. We will soon discuss how to deal with
this problem (of “infinite precision”).

Summing up, we went through all the major possibleclassicalobstacles
published so far against building the artificial computing systemG = (γP, γO)
performing computability of the second kind, listed in Earman (1995), Pitowsky
(1990), and references therein. We found that these obstructions can be removed
at the classical level (hence is classical general relativity), i.e., they do not kill the
idea of designing a thought-experiment suitable for deciding61-sets of natural
numbers (because the quoted objections do not destroy the idea of the relativistic
computer we designed in the present paper).
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As a final remark we have to emphasize again that we have omitted all the
quantum effectsin our model. In general, the accuracy of time measurement, which
is required forγO, is not a problem in classical physics while in quantum physics
it is constrained by quantum fluctuations. At this moment we do not possess a
satisfying theory to describe the consequences of these quantum fluctuations in
the presence of strong gravitational fields. Of course, this is because a satisfactory
theory of quantum gravity has not been formulated yet. We can do only naive
considerations, taking into account the basic principles of quantum mechanics and
general relativity. Using results of Ng (2000) we can say the following about the
accuracy of time measurement. Assume we have a clock with total running time
1T over which it can remain accurate and is capable for a time measurement of
accuracy1t . Then one can derive an inequality

1t ≥ (1T t2P
)1/3

,

wheretP =
√

hG/c5 ≈ 10−43 s is the Planck time. In our case we require a time
measurement with an unboundedly increasing accuracy fromγO’s clock till the
Malament–Hogarth event. Consequently, without the violation of the above in-
equality, in principle the observerγO can constantly “tune” its clock to be more
and more accurate (1t → 0) for shorter and shorter times asγO approaches the
Malament–Hogarth event (1T → 0). Possibly this clock cannot be usedafter the
Malament–Hogarth event but this is not a problem. But notice that if we interpret
the Planck timetP as the fundamentally smallest time unit, then accuracy beyondtP
is meaningless. This might destroy the realizability of our thought-experiment in a
quantum framework. This means that if we use quantum gravity in place of classi-
cal general relativity as our background theory, then we should design our artificial
computing system differently. However, since the theory of quantum gravity does
not exist yet, it seems pointless to try to elaborate the details nowadays.

Moreover a generally accepted quantum gravitational phenomenon is the
black hole evaporation. Finally this may cause that every (Kerr) black hole will
evaporate in finite time, making it impossible forγP to send signals toγO in very
late times. Hence these and other, yet unknown, quantum phenomena occurring in
strong gravitational fields eventually can also annihilate our considerations.

5. CONCLUDING REMARKS

In this paper we have studied the physical reality of performing an infinitude
of calculations in finite time in order to answer very interesting questions.

For most of the versions of the original Church–Turing thesis our main point
is not so much refuting the thesis but instead is showing that the thesis is not
independent of the background physical theory. Our main message is that the
theories of computability and meta-mathematics can be better developed if we
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take into account the current state of theoretical physics. To be more blunt, we
would like to show that it is not “healthy” to regard and develop these theories
as being completely disjoint and isolated from theoretical physics. In other words
what we are arguing for is the “unity of science.”

One of the present authors (I.N.) had discussed the various theses formulated
in Section 2 with one of their originators L´aszló Kalmár, and he feels that Kalm´ar
would be pleased by the kind of approach taken in the present paper.
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